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1. Introduction
The notion of normal submanifold was introduced by J.C. Sikorav ([6]) as a
weaker version of Lagrangian submanifold.
Polterovich ([5]) showed that if is a closed normal non-Lagrangian submanifold
of a symplectic manifold and the Euler characteristic of vanishes then its dis-
placement energy ( ) vanishes.
The basic notions such as ‘normal’, ‘symplectic’, ‘weakly Lagrangian’ etc. are ex-
plained in Section 2 below and the definition of the displacement energy is provided
in the later part of this section.
It is well known that 1 and 3 are totally real submanifolds of C1 and C3, re-
spectively. L. Polterovich ([5]) showed that if is a totally real submanifold of a sym-
plectic manifold ( ω) and is parallelizable then is normal. So 1 and 3 are
normal submanifold of C1 and C3, respectively. In fact 1 is a Lagrangian submani-
fold of C1 and it follows that it is a normal submanifold. As for 3 we consider the
standard embedding and explicitly construct in Section 4 below the Lagrangian sub-
bundle of C3| 3 which is transverse to the tangent bundle.
The following two theorems are our main results which respectively answer the
two questions: (a) Which admits a normal embedding into C ? (b) When the prod-
uct of spheres admits a normal embedding into the complex Euclidean space?
Theorem 1.1. admits a normal embedding into C if and only if is 1 or 3.
Theorem 1.2. 1 × 2 × · · · × , ≥ 1, = 1, 2 . . . , ≥ 2, admits a
normal embedding into C 1+ 2+···+ if and only if some is odd.
Note that H. Hofer ([3]) defined the displacement energy of a subset of a sym-
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plectic manifold as
inf
{
Max
×
−Min
×
| ∈ C such that 1 ∩ = ∅
}
where C is the set of all smooth real valued functions which attain both maximum and
minimum on the product × of with the closed unit interval and 1 is the
Hamiltonian flow at time 1 determined by .
The normal embeddings of Theorem 1.2 are not necessarily the product of the
standard embeddings (see [7]) and therefore their images may not be contained in
a codimension 1 plane. Also the embedding is not Lagrangian unless some is 1.
Even if some is 1 and the embedding is Lagrangian, we recall the fact that any
Lagrangian embedding of a manifold of dimension greater than 1 and with vanishing
Euler characteristic can be -approximated for any ≥ 1, by non-Lagrangian normal
embeddings ([5]). Therefore, Theorem 1.12 in [5] by L. Polterovich implies:
Corollary 1.3. Assume > 1. If some , = 1, 2 . . . , is odd, the product
of spheres, 1 × 2 × · · · × , ≥ 1, = 1, 2 . . . , ≥ 2, admits a normal
embedding into C 1+ 2+···+ , for which the displacement energy vanishes.
2. Basic notions and facts
A smooth manifold is called symplectic if there is a nondegenerate closed
2-form ω on . Such a 2-form is called a symplectic form or a symplectic structure
on . It follows that dim should be even if is symplectic.
On the other hand a vector bundle of finite rank is referred to as a symplectic
vector bundle if it is considered with a fixed symplectic two form. A subbundle η of
a symplectic vector bundle ξ is a Lagrangian subbundle if 2 (rank η) = rank ξ and
the restriction of the symplectic form to η is the zero form.
Let be a symplectic manifold of dimension 2 with a symplectic structure ω.
Let be a smooth manifold of dimension and let : → be an embedding
(resp. immersion). We call a Lagrangian embedding (resp. immersion) if the tangent
bundle of is a Lagrangian subbundle of the symplectic vector bundle ∗
with the symplectic form ∗ω. We call a normal embedding (resp. immersion) if
there is a Lagrangian subbundle L of ∗ which is transverse to . Note that
every Lagrangian submanifold of is normal.
We say that an embedding : → is weakly Lagrangian if ⊂ ∗
is homotopic through -dimensional subbundles to a Lagrangian subbundle ([4]) in
∗
.
We will consider C with the usual symplectic structure. A Lagrangian embedding
or normal embedding must be understood as ‘into C ’ unless otherwise specified.
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3. Proofs
First of all we need the following.
Lemma 3.1. Let be a normal embedding of a smooth oriented n-dimensional
manifold into a symplectic 2 -dimensional manifold . Then
∼
= ν
where is the tangent bundle of and ν , the normal bundle of .
Proof. Since is a normal embedding, there is a Lagrangian subbundle L ⊂
∗ which is transverse to ⊂ ∗ . In particular, we have: ∗ = +L.
Since the quotient bundle ∗ / is none other than ν , we have L ∼= ν .
Now let be an almost complex structure on compatible with the symplec-
tic structure. Then we have + L = ∗ = L + L and it follows that ∼=
∗ /L ∼= L. Thus we conclude that
∼
= L ∼= L ∼= ν
Corollary 3.2. If a smooth oriented closed n-manifold admits a normal em-
bedding into C , then we have
χ( ) = 0
where χ( ) is the Euler number of .
Proof. Regard as a normal submanifold of C and let ν denote the normal
bundle. Consider the normal neighborhood of . Let ν and ν denote respec-
tively the disk and the sphere bundles of ν. Then one of the generator of the inte-
gral cohomolgy group
( ν ν;Z) ∼= ( ∂ : Z) ∼=
pulled back to ( ;Z) ∼= ( ;Z) is the Euler class of , presuming a suitable
orientation of , since ν ∼= by Lemma 3.1 above. The Euler class evaluated at the
fundamental class of is the Euler number of . However when pulled back to
( ) is the zero element, for we have the following commutative diagram:
(C C − int ;Z) −−−−→ ( ∂ ;Z)y y
(C ;Z) −−−−→ ( ;Z)
where all the arrows come from the inclusions.
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Proof of Theorem 1.1 If : → C is an embedding, then the normal bundle
ν of must be trivial since it is stably trivial and its Euler class vanishes. So by
Lemma 3.1 the tangent bundle is trivial. Thus if 6= 1, 3, 7, does not admit
any normal embedding into C .
On the other hand, 1 admits a Lagrangian embedding. Also by applying an ob-
servation of Polterovich ([5]), 3 has a normal embedding since 3 admits totally real
embedding and it is parallelizable.
It remains to show that 7 does not admit any normal embedding, which is the
assertion of Corollary 3.4 below.
The following is needed to show that 7 admits no normal embedding into C7,
which however seems worth an observation on its own right.
Theorem 3.3. Let be a symplectic 2 -manifold and be a smooth -manifold
which admits a normal embedding into . If is parallelizable, then the embedding
is weakly Lagrangian.
Proof. We regard as a normal submanifold of . Let L be a Lagrangian sub-
bundle of | which is transverse to ⊂ | . Let denote an almost complex
structure of compatible with the symplectic structure.
Then we have that ∼= | /L and L ∼= | /L (See the proof of
Lemma 3.1). Thus we have: ∼= L ∼= L.
In particular, L is trivial.
Let { 1 2 . . . } and { 1 2 . . . } be global frames respectively of and
L. Then define a homotopy L , 0 ≤ ≤ 1, in | from to L by defining L as
the subbundle generated by the frame:
{γ1( ) γ2( ) . . . γ ( )} γ ( ) = (1− ) + = 1 2 . . .
It is straightforward to see that {γ1( ) γ2( ) . . . γ ( )} is indeed a frame, that is,
γ1( ), γ2( ) . . . γ ( ) are linearly independent at any point of for all ∈ [0 1].
Corollary 3.4. 7 does not admit any normal embedding into C7.
Proof. Assume that 7 admits a normal embedding into C7. Then, since 7 is
parallelizable, the normal embedding is weakly Lagrangian by Theorem 3.3 above. But
according to Kawashima ([4]), admits a weakly Lagrangian embedding if and only
if = 1, 3. This means that 7 does not admit any normal embedding.
REMARK. (i) A totally real submanifold of a symplectic manifold which is par-
allelizable is normal according to Polterovich. Theorem 3.3 further means that is
weakly Lagrangian.
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(ii) Note that Theorem 3.3 together with our explicit construction in the next sec-
tion of the Lagrangian subbundle transverse to 3 for the standard embedding of 3
into C3 proves that the standard embedding is weakly Lagrangian (cf. [4]).
Proof of Theorem 1.2. We prove the case when = 2 and the general case fol-
lows by an inductive argument.
If both and are even, then χ( × ) 6= 0, by Corollary 3.2, × does
not admit any normal embedding.
If or is odd, then × admits a totally real embedding into C + (cf. Ex-
ample 1, [7]) and × is parallelizable. Therfore, according to Polterovich ([5]),
× admits a normal embedding into C + .
4. A Lagrangian subbundle transverse to the tangent bundle of S3
Three linearly independent tangent vector fields 1, 2, 3 of
3
= {( 1 2 3 4 0 0) ∈ C3 | 21 + 22 + 23 + 24 = 1}
are defined as follows:
1( ) = (− 2 1 − 4 3 0 0)
2( ) = (− 3 4 1 − 2 0 0)
3( ) = (− 4 − 3 2 1 0 0)
Now the three linearly independent normal vector fields on 3 are defined as fol-
lows:
1( ) = ( 1 2 3 4 0 0)
2( ) = (− 1 − 4 − 2 − 3 2 − 3 1 − 4 1 0)
3( ) = (− 1 + 3 − 2 − 4 − 1 − 3 2 − 4 0 1)
Then clearly 1, 2, 3 are not in the tangent space 3. In fact, we have that
the determinant of the matrix ( 1 2 3 1 2 3) is −1 and the standard sym-
plectic form vanishes on the subspace generated by 1, 2, 3. Thus the subbundle
of C3| 3 generated by 1, 2, 3 is a Lagrangian subbundle transverse to the tan-
gent bundle.
References
[1] M. Audin: Fibre´s normaux d’immersions en dimension double, points doubles d’immersions
lagrangiennes et plongements totalement re´els, Comment. Math. Helvetici 63 (1988), 593–623.
86 Y. BYUN AND S. YI
[2] Y. Byun and S. Yi: Weakly Lagrangian embedding and product manifolds, Bull. Korean Math.
Soc. 35 (1998), 809–817.
[3] H. Hofer: On the topological properties of symplectic maps, Proc. Royal Society of Edinburgh
115A (1990), 25–38.
[4] T. Kawashima: Some remarks on Lagrangian imbeddings, J. Math. Soc. Japan 33 (1981),
281–294.
[5] L. Polterovich: An obstacle to non-Lagrangian intersections in the Floer memorial volumes,
Progr. Math. 133 (1995), 575–586.
[6] J.-C. Sikorav: Quelques proprietes des plongements Lagrangiens, Mem. Soc. Math. Fr., Nouv.
Ser. 46 (1991), 151–167.
[7] E.L. Stout and W.R. Zame: Totally real imbeddings and the universal covering spaces of do-
mains of holomorphy: Some examples, Manuscripta Math. 50 (1985), 29–48.
Yanghyun Byun
Department of Mathematics
Hanyang University
Sungdong-gu, Seoul 133-791, Korea
e-mail: yhbyun@hanyang.ac.kr
Seunghun Yi
Liberal Arts and Science (Mathematics)
Youngdong University
Youngdong, Chungbuk, 370-701, Korea
e-mail: seunghun@youngdong.ac.kr
